Abstract. An enhanced original computer programme is applied to explain in detail the current-voltage characteristics of p-on-n long wavelength infrared (LWIR) HgCdTe photodiodes. The computer programme solves the system of non-linear continuity equations for carriers and Poisson equations. In the model ideal diode diffusion, generation-recombination, band-to-band tunnelling, trap-assisted tunnelling, and impact ionization are included as potential limiting mechanisms in the photodiodes. It is a clearly explained influence of extrinsic doping of an active device region on dark current-voltage characteristics and on R0A product of HgCdTe photodiodes in a wide region of temperature and wavelengths. Special attention is directed to the dependence of tunnelling probability on the shape of potential barrier within the depletion region. The theoretical predictions are compared with experimental data of high quantity photodiodes published in the available literature.
Introduction
Different HgCdTe photodiode architectures have been fabricated that are compatible with backside and frontside illuminated hybrid focal plane array (FPAs) technology. Generally, they can be divided into two families: n-on-p and p-on-n junctions.
The n-on-p junctions are fabricated in two different manners using Hg vacancy doping and extrinsic doping. Hg vacancies (V Hg ) provide intrinsic p-type doping in HgCdTe. In this case, the doping level depends on only one annealing temperature. However, the use of Hg vacancy as p-type doping is known to kill the electron lifetime, and the resulting detector exhibits a higher dark current than in the case of extrinsic doping use. However, for very low doping (<10 15 cm −3 ), the hole lifetime becomes Shockley-Read limited and does not depend on doping anymore [1] . V Hg technology leads to low minority diffusion length of the order of 10 to 15 µm, depending on the doping level. Generally, n-on-p vacancy doped diodes give rather high diffusion currents but leads to a robust technology as photodiode performance weakly depends on the doping level and absorbing layer thickness. Simple modelling manages to describe dark current behaviour of V Hg doped n-on-p junctions over a range of at least eight orders of magnitude [2] . In the case of extrinsic doping, Cu, Au, and As are often used. Due to a higher minority carrier lifetime, extrinsic doping is used for low dark current (low flux) applications [3] . The extrinsic doping usually leads to a larger diffusion length and allows for a lower diffusion current but might exhibit performance fluctuations, thus affecting yield and uniformity.
In p-on-n photodiodes, also called double-layer heterojunction (DLHJ) structures, an absorber layer about 10 µm thick is n-type doped at 1 × 10 15 cm −3 or less, and is sandwiched between the CdZnTe substrate and the highly arsenicdoped, wider-gap region. One important advantage of the p-on-n device is that the n-type Hg 1−x Cd x Te carrier concentration is easy to control in the 10 15 cm −3 range using extrinsic doping -usually indium or iodine (for the n-on-p device, the p-type carrier concentration at this low level is difficult). The wider band-gap capping Hg 1−y Cd y Te (y ≈ x + 0.04) is 0.5 to 1 µm thick. In the p-on-n photodiodes, the typical diffusion length is up to 30 µm to 50 µm for low doping levels and the dark currier generation is volume limited by the absorbing layer volume itself.
The different behaviour of saturation current depending on diffusion length is explained below. For an p-on-n diode structure, the junction resistance is limited by diffusion of minority carriers from the n side into the depletion region. In the case of conventional bulk diodes, where thickness of the active region t ≫ L h (L h is the minority diffusion length), the R 0 A product is equal
where J s is the current density, n i is the intrinsic carrier concentration, N D is the doping concentration, and µ h and τ p are the minority carrier mobility and lifetime. The R 0 A product (saturation current density) is proportional (inversely proportional) to N D τ 1/2
p . By thinning the active region to a thickness, d, smaller than the minority-carrier diffusion length (thus reducing the volume in which diffusion current is generated) the corresponding dark current decreases, provided that the back surface is properly passivated to reduce surface recombination. As a result, the current density can decrease by a factor of L h /t. If the thickness of the n type region is such that t ≪ L h , we obtain:
On the contrary, if t ≪ L h , the R 0 A product (saturation dark current) is proportional (inversely proportional) to N D τ p . Of course, analogical formulas can be obtained for n-on-p junctions.
In this paper an enhanced original computer programme is applied to explain in detail the current-voltage characteristics of p-on-n long wavelength infrared (LWIR) HgCdTe photodiodes. The computer programme solves the system of non-linear continuity equations for carriers and Poisson equations. The model includes ideal diode diffusion, generationrecombination, band-to-band tunnelling, trap-assisted tunnelling and impact ionization as potential limiting mechanisms in the HgCdTe photodiodes. The theoretical predictions are compared with experimental data of high quantity photodiodes published in the available literature.
Method of analysis
The analysis of photoelectric effects in semiconductor structures requires the solution of a set of transport equations that are comprised of the continuity equations for electrons and holes, Poisson's equation, and the thermal conductivity equation. The transport equations are given by [4, 5] :
where Ψ is the electrostatic potential, j is the current density, q is the elementary charge, C v is the specific heat, χ is the thermal conductivity coefficient, T is the temperature, G is the generation rate, R is the recombination rate, and H is the heat generation term. In the last term, a Joule heat is introduced as the heat generation. The indices n and p denote electron and hole, respectively. In spite of the fact that the above equations are generally known, their solution represents serious mathematical and numerical problems. The reason for the difficulty is the nonlinearity of these equations where carrier densities, ionized dopant densities as well as g-r factors are all complex functions of the electrostatic potential, Ψ and quasi-Fermi levels, Φ e,h . A number of articles have reported solution methods of this set of equations, starting from the work of Gummel [6] and de Mari [7] , and ending with those adopted in commercial software packages [8, 9] . Independently, Jóźwikowski developed a set of numerical algorithms to solve the set of Eqs. (3)- (6) . This method has been used for modelling many optoelectronic device structures [10] [11] [12] [13] [14] [15] [16] [17] .
The difference G−R is the net generation of electron-hole pairs, and depends on all generation-recombination mechanisms. In this work G − R is defined by
where G THE is the net thermal generation velocity, G BTB is the net generation due to band-to-band tunnelling, G TAT is the net generation due to trap-assisted tunnelling, and G ION is the impact ionization generation. In this way we can introduce directly the tunnelling phenomena in transport equation to calculate both dark current as well as dynamic resistance of the photodiode. The first term in Eq. (7) includes Auger 1 and Auger 7, radiative and Shockley-Read-Hall (SRH) mechanisms. Including band-to-band tunnelling and impact ionization as the generation-recombination processes, G BTB and G ION , the thermal generation rate can be expressed as [15] [16] [17] :
G ee and G hh are thermal equilibrium generation rates due to electron-electron processes and hole-hole processes, respectively, and both can be expressed by lifetimes in intrinsic material defined by Auger 1 and Auger 7, respectively. G RAD is the equilibrium radiative electron-hole pair generation rate. Detailed description of the above expressions can be found in Blakemore's monograph [18] . The last term in the quadratic bracket includes the influence of the SRH mechanism. The published lifetime for vacancy-doped HgCdTe material indicates that the SRH centre is donor-like, even though the metal vacancy is an acceptor. The expression for τ SHR n is derived in Appendixes A and B.
When the electric field in a semiconductor is increased above a certain value, the carriers gain enough energy (greater than the band gap) so that they can excite electron-hole pairs by impact ionization. In the local-field theory, the equation which governs the electron and hole impact ionization current is equal [19] G
where α e and α h are functions only of the electric field at r. Experimentally, it has been found that the electron and hole ionization coefficients, in the limit of low field, can be represented by the expressions
where m e and m h are close to unity at least at low field. The values of coefficients a e = 3 × 10 5 cm −1 and a h = 1.5 × 10 5 cm −1 are assumed after Kinch [20] . Current density is usually expressed as functions of quasiFermi levels:
where µ denotes the mobility and Φ is the quasi-Fermi level.
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In order to solve the set of transport Eqs. (3)- (7) with relations (8) and (9) using Newton's method, it is necessary to first linearise the equations and then employ an iteration algorithm that allows the calculation of small increments of Ψ, Φ n , Φ p , and T Ψ = Ψ 0 + δΨ,
The remaining physical parameters in Eqs. (3)- (7) can be similarly expressed, for example:
where
The set of Eqs. (3)- (7) can then be transformed into a set of algebraic equations and their solution allows the iterative calculation of corrections to electrical potential, quasi-Fermi levels, temperature, and consequently to other physical parameters.
Current-voltage characteristics: results and discussion
In this paper we consider high quality heterostructure p-on-n HgCdTe photodiode shown in Fig. 1 . This photodiode structure is mainly addressed by liquid phase epitaxy (LPE), molecular beam epitaxy (MBE) or metalorganic chemical vapour deposition (MOCVD) on a lattice-matched CdZnTe substrate. The doping profiles of p-on-n HgCdTe photodiode are shown in Fig. 1 . One important advantage of the p-on-n device in comparison with n-on-p structure is that the n-type Hg 1−x Cd x Te carrier concentration is easy to control in the 10 15 cm −3 range using extrinsic doping -usually indium or iodine (for the n-on-p device, the p-type carrier concentration at this low level is difficult to achieve). The wider band-gap p-type capping Hg 1−y Cd y Te (y ≈ x + 0.04) is 0.5 to 1 µm thick not intentionally doped. The structures are terminated with a thin (500Å) CdTe layer for protection of the surface. n-type HgCdTe epitaxial layer with carrier concentration about 10 15 cm −3 is about 15-µm thick and is grown on a CdZnTe substrate. The photodiode is backside illuminated and exhibits high quantum efficiency because the thickness of the base layer is thin compared to the minority carrier diffusion length.
In ideal photodiodes the diffusion current is dominant, therefore their saturation current is very low and insensitive to the detector bias. Usually however, many additional excess mechanisms affect the dark current of HgCdTe photodiodes [21] . They arise from non-fundamental sources located in the base and cap layer, the depletion region and the surface. As the operating temperature is lowered, the thermal dark current mechanisms become weaker and allow other mechanisms to prevail. The main leakage mechanisms of HgCdTe photodiodes are generation in the depletion region, interband tunnelling, trap-assisted tunnelling, and impact ionization. Some of them are caused by structural defects in the p-n junction. These mechanisms now receive much attention, particularly because they determine ultimately the array uniformity, yield and cost for some applications, especially those with lower operating temperatures. However, clear evidence of pure generation in the depletion region has never been observed in high quality HgCdTe photodiodes. As an example, Fig. 2 compares the experimental LETI's data with theoretical predictions for long wavelength IR (LWIR) p-on-n HgCdTe photodiode (λ c = 9.7 µm at 77 K, 30 µm pitch, 0
• FOV), where diffusion, impact ionization, and tunnelling (band-to-band and trap-assisted tunnelling) mechanisms are taken into account. The material parameters taken in calculations are given in Table 1 . As is shown in Fig. 2 , thermal current strongly decreases with temperature in the range of low biases. At the higher biases, the current exhibits the opposite thermal behaviour. This behaviour is explained by contribution of tunnelling current since the tunnelling probability depends on energy gap and increases with HgCdTe temperature decreasing. In order to minimize tunnelling current, a low doping level is preferable on at least one side of the junction. The better agreement with experimental data has been achieved for a triangular barrier. Due to low doping level of n-type base region (N D = 10 15 cm −3 ), it does not lead to a significant tunnelling current which illustrates the role of an p-type cap layer. An additional insight in the saturation dark current of p-on-n HgCdTe photodiodes gives Fig. 3 , where the influence of carrier concentrations in active and cap regions on reverse dark current is shown for 9.7-µm photodiode operated at 80 K. From this figure results, that the best agreement between experimental data and theoretical predictions has been achieved assuming doping concentrations in cap and active region equal 10 16 cm −3 and 10 15 cm −3 , respectively. 
Tunnelling as the generation-recombination process
Interband tunnelling processes contribute to the leakage currents and noise in reverse-biased infrared photodiodes' [21] . Therefore, numerical analysis of these effects in semiconductor devices becomes essential. The existing methods represent one-dimensional models and are typically based on the WKB approximation and Kane's model [22, 23] . Accurate calculations of tunnelling currents for a general diode structure require triple integration for each bias [24] , which is too complex for practical modelling algorithms. Adar proposed a method for the calculation of tunnelling currents [25] . His approach, called spatial tunnelling integration (STI), contains only one integration step through the depletion layer for a given bias and can be used for any semiconductor structure. This algorithm relies on the specific shape of Kane's barrier across the energy gap, and thus is highly accurate when applied to narrow-gap semiconductors. Integration of band-to-band tunnelling currents originating from two-dimensional (2D) or three-dimensional (3D) electric-field structures is theoretically difficult, since the tunnelling transition probability used in the WKB approximation is essentially one dimensional (1D). An important feature of Adar's STI technique is the possibility to extend its use to 2D or 3D problems in a natural way (see Fig. 4 ). By using the STI procedure Adar has obtained the following simplified tunnelling current calculation formalism:
where F is the electric field in the depletion region, G T represents the tunnelling generation function, and ∆f F D ( r) is the filling probability of states in conduction and valence bands. Its shape is given in Appendix C of Ref. 16 . Fig. 4 . Band structure of a p-n junction. Em is the midgap energy. rL and rR define the region (shaded) where the midgap energy Em( r) is allowed for reverse-direct tunnelling. In the traditional method, for a given electron energy E, calculation of two reverse points, r1 and r2, creates serious numerical difficulties
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In the case of a one-dimensional case (y-direction), the tunnelling generation is given by
(19) where F y represents the electric-field component in the y direction.
The algorithm scans the numerical grid to find points of local extremes of electric-field components (for example, in the ydirection). Next, it checks if direct band-to-band tunnelling from valence band to conduction band (or opposite) is possible. If the probability is nonzero, then the ycomponent of the tunnelling current can be obtained from Eq. (18) . Since the band-to-band tunnelling process can be regarded as generation recombination of electron-hole pairs, taking place between points r L and r R , then expression (18) describes precisely the tunnelling generation velocity at a specific point contributing to the ycomponent of the tunnelling current. In the same manner components of tunnelling currents in the x and z directions can be obtained. The resulting tunnelling generation velocity can be expressed by
Using this approach, the tunnelling process can be represented as a generation-recombination process taking place in the areas of built-in electric fields and consequently added to the g-r component in the continuity equations. It is evident that the tunnelling factor is a function of the electrical potential and its gradient, as well as the quasi-Fermi levels for electrons and holes and the sample temperature. The tunnelling process affects the spatial distribution of all these parameters and its implementation in the transport equations allows for the calculation of the device characteristics.
The tunnelling probability depends strongly on the shape of a potential barrier. The usual direct tunnelling calculations assume a particle of constant effective mass incident on a triangular or parabolic potential barrier. The expression (19) has been obtained for the parabolic barrier. In the Kane's paper it has a form as below [22] 
and is virtually similar to Eq. (19) except for the numerical constant.
Using a procedure described by Moll [26] and STI technique, the tunnelling generation for triangular barrier can be obtained as (see Appendix C) Figure 5 shows the thermal and tunnelling rate profiles of reverse biased (U = −0.6 V) LWIR p-on-n HgCdTe photodiode at 80 K (λ c = 9.7 µm at 77 K, 30 µm pitch, 0
• FOV). In spite of the higher doping level of the front p-type cap layer (p = 10 16 cm −3 ), the influence of Auger 1 mechanism on thermal generation is considerably suppressed due to higher band gap energy of this region. In the p-type base layer of the photodiode with acceptor concentration of 10 16 cm −3 the Auger 7 mechanism is decisive. Of course, in the depletion region the tunnelling generation and impact ionization achieve their maximum. 
R 0 A product
The minority carrier lifetime in purely V Hg -doped p-type HgCdTe material is limited by the SRH mechanism. The lifetime data for this material indicates that the SRH centre is donor-like, even though the Hg vacancy is an acceptor. In order to estimate the level of SRH generation, the density of trap centres and their ionization energies must be known, both of which are difficult to measure and are usually estimated from carrier lifetime measurements. In the calculations used in this paper, it has been assumed that the trap density is uniform across the device and changes between 10 12 and 10 14 cm −3 , with ionization energy equal to 0.7Eg as measured from the top of the valence band. The assumed SRH recombination model for Hg vacancy-doped material is described in Appendix A.
Extrinsically doped p-type HgCdTe material containing no vacancies exhibits considerably longer minority carrier lifetimes than purely V Hg -doped material. The SRH centre appears to be acceptor-like or neutral, located approximately at the intrinsic level. Typically in LWIR material for the doping concentration p < 10 16 cm −3 , the measured lifetime is dominated by the SRH mechanism, but for p > 10 16 cm −3 Auger dominates [20, 21] .
However, in the case of p-on-n HgCdTe photodiodes, the contribution of thermal generation in the wider bandgap p-type cap layer is suppressed. Figure 5 indicates that the cap layer contributes a negligible amount of thermally generated diffusion current compared with that from an n-type absorber layer at 77 K. As a result, the decisive influence on the value of R 0 A product of p-on-n junctions has n-type active region, where Auger 1 mechanism is dominant. Figure 6 presents the dependence of R 0 A product on cutoff wavelength at 78 K for photodiode doping profile shown in Interesting results are gathered in Fig. 7 , where the experimental data and theoretically preceded lines are calculated for p-on-n HgCdTe photodiodes. Difference between our theoretical prediction and the Teledyne empirical model [32] is small. Upper experimental data coincide very well with theoretical predictions. In general however, considerably scattering in experimental R 0 A data is observed. Raytheon [28] and BAE [30] data is obtained on mesa heterostructures on As/In-doped LPE grown material. Teledyne data (formerly Rockwell) [29] is based on planar diodes fabricated by Asimplantation in In-doped MBE-grown layers. Instead Selex data [31] is for As and In MOCVD doped p-on-n junctions. Finally, several points obtained at LETI are for As ion implanted diodes on In-doped LPE-grown layers. 
Conclusions
In this paper an enhanced original computer programme is applied to explain in detail the current-voltage characteristics of p-on-n LWIR HgCdTe photodiodes. The computer programme solves the system of non-linear continuity equations for carriers and Poisson equations. In the model ideal diode diffusion, generation-recombination, band-to-band tunnelling, trap-assisted tunnelling, and impact ionization are included as potential limiting mechanisms in the HgCdTe photodiodes. The model clearly explains the influence of doping of an active device region on R 0 A product of HgCdTe photodiodes in a wide range of wavelengths.
In comparison with p-on-n photodiodes, the vacancy doped photodiodes (n-on-p structure) exhibit higher dark currents [2] . Despite this fact, n-on-p technology is a viable solution for operation in a high flux configuration where the dark current is not an issue. This technology assures small fluctuations (scattering) of the measured R 0 A products. p-on-n photodiode design leads to lower dark currents. Such low dark current photodiodes, being closer to intrinsic material limits, may also be affected by lower energy perturbation enhancing also the scatter in R 0 A data.
In the paper, an attention is directed to the dependence of tunnelling probability on the shape of a potential barrier in the depletion region. It is shown that the tunnelling current is decisive for reverse bias voltages above 0.3 V. A better agreement of theoretically predicted curves with experimental data has been achieved for a triangular barrier.
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Appendix A SRH recombination model for Hg-vacancy doped HgCdTe
The minority carrier lifetime in vacancy-doped material is limited by an SRH mechanism. In our model we assume that the Hg-vacancy is equivalent to an atom with a charge of −2q, and the unfilled bond can be treated as two holes each with charge +q. These unfilled bonds create two levels of energy. One of them is located near the top of the valence band and is an acceptor level, instead the second is deep trap level with an ionization energy equal to 0.7E g (above a half of energy gap) (see Fig. A1 ). The grand thermodynamic potential in unit volume for mercury vacancies with a snatched electron at the energy level E A should assume the minimum value at the equilibrium condition and can be expressed as
where X is the electron affinity, Ψ is the electrical potential, N T is the concentration of Hg vacancies, f A is the distribution function, and W A is the number of state ways in which N T f A acceptor levels are ionized. W A is equal to
where β is the number of distribution ways of valence electrons in binding orbitals coupled with Hg vacancy. If we assume that absent of Hg atom prompts absence of two electrons, then four states in p x -and p y -orbitals can be occupied in six ways. For this reason we assume that β = 6. Using Stirling's equation for Eq. (A2) and EulerLagrange's condition for Eq. (A1), the following expression for equilibrium distribution function can be obtained
which determines equilibrium distribution function and defines electron probability to occupy accepted levels, E A , of Hg vacancy. Φ i is the Fermi level.
In the nonequilibrium condition, the distribution function is equal to
where Φ n is the electron Fermi quasi-level. Due to low ionization energy, E A , the Hg-vacancy acceptor levels are occupied by electrons.
The grand thermodynamic potential in the unit volume for mercury vacancies with a snatched electron at the trap energy E T should assume the minimum value at the equilibrium condition and can be expressed as
(A5) Analogical considerations as for Ω A provide the following expression
.
(A6) It is the equilibrium distribution function which determines an electron's occupation probability on the trap energy level of Hg vacancy, E T . Because in practice all acceptor levels of Hg vacancies are occupied by electrons, then in p xi p y -bonding orbitals four states can be occupied by three electrons in four ways. Therefore we assume that α = 4.
In a similar way as previously, for the nonequilibrium conditions
(A7) Following the treatment given by Shockley and Read [33] , the net rate of electron trapping can be expressed as:
Similarly, the net rate of hole trapping is equal to
c n and c p are the electron and hole capture rates, respectively; and n 0 and p 0 are the equilibrium electron and hole concentrations, respectively. Under steady state conditions, the rate of electron-hole pair recombination R is constant and equal to R = R n = R p . From Eqs. (A8) and (A10), the last condition results in
The term τ n0 is the lifetime for electrons injected into highly p-type specimens and τ p0 is the lifetime for holes injected into highly n-type specimens. In the calculations, the values of c n = 1.5×10 −7 cm 3 s −1 and c p = 3×10 −9 cm 3 s −1 are used after Nemirovsky et al. [34] . Between the excess carrier concentrations the following approximate condition is fulfilled
where ∆f T is the change of occupation probability of a trap level. Because ∆n = ∆p, then the electron and hole lifetimes are different, and
In steady state conditions, R n = R p , and
and taking further into account
Finally, we can achieve the SRH expressions for carrier lifetimes, for electrons and holes:
(A22) If additional recombination mechanisms take place, the effective carrier lifetimes for electrons and holes are given by
and
(A26) In the above equations, G ee is the coefficient of the Auger 1 recombination, G hh is the coefficient of the Auger 7 process, and G RAD is the coefficient of radiative process. The definition of these coefficients is given in Blakemore's monograph [18] . The expression of G RAD is taken from Ref. 35 . HgCdTe material parameters necessary in calculations are given in Ref. 21 .
Appendix B
The influence of an electric field on the kinetic of SRH processes Figure B1 shows three kinds of electric-field-assisted emissions from a Coulomb's well. Arrows indicate the possible mechanisms of electron and hoe emissions: Frenkel-Poole emission, pure tunnelling from trap level into conduction or valence bands, and phonon assisted tunnelling. The electron emission from the level E T to the conduction band is possible if energy E g − E T is delivered for the electron. The filling of level E T by an electron with valence band is equivalent transition of the hole with the level E T to the valence band and require the overcoming of the energy barrier equal to E T . The external electric field causes an inclination of energy bands and stimulates a changing of distribution of the potential energy around the mercury vacancy. In consequence, the electric field enhances a generation-recombination process around the mercury vacancy through the decreasing of energy required both for the emission of an electron with energy level E T to the conduction band as well as for emission of a hole with the empty level E T to the valence band. Because the trapping rate is strongly dependent on ionization energy, the electric field can essentially influence τ n0 and τ p0 values, which are inversely proportional to trapping rates. The capture coefficients, c n and c p , are connected with emission coefficients, e 0 n and e 0 p , and for electrons
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where N c is the effective density of the conduction band states. From the last two equations result in
But E g − E T = E i is the ionization energy of electron emission with level E T to the conduction band. If the electric field decreases E i barrier by ∆E i , then the emission coefficient increases according to
Obviously, the capture coefficient also increases by a similar factor c n = c 0 n exp (∆E T /kT ) .
This phenomenon is named the Poole-Frenkel effect. The electron electrostatic energy in the trap region localized in point r = 0 in uniform external electric field F directed along the z-axis can be expressed as
Decreasing of energy barrier in this case is equal to
In the case of the three-dimensional (3D) Hartke's model [36] , the increasing factor of electron emission rate with the trap level is equal
(B8) Analogical considerations for the hole emission coefficient provide the following equation
(B9) The hole potential energy in the trap region is equal to
The hole emission is the equivalent excitation of the electron with the valence band into the trap level. It can be easily noticed, the Poole-Frenkel effect for holes provides to identical reduction of barrier as for electron emission, and therefore
Rosencher et al. [37] have obtained 3D expression for electron emission rate in the trap assisted tunnelling process. This expression can be used to determine electron emission rates from trap level, (e n ) T AT and (e p ) T AT , for electrons and holes:
E i = E g − E T for electrons, E i = E T for holes, and the last equation express the effective mass by electron effective mass and light hole mass. The electron localized in the trap level can be also excited to the conduction band by tunnelling through the hyperbolic barrier with the contribution of phonons. To obtain a 3D tunnelling expression for electron emission rate with the contribution of phonons, we adopt the results published by Rosencher et al. [37] (e n ) P AT = e (B15) The total emission coefficient containing emission rates for the Pool-Frenkel effect, trap-assisted tunnelling, and phononassisted tunnelling is given by (e n ) TOT = (e n ) P −F + (e n ) TAT + (e n ) PAT .
The same relation is for holes.
Appendix C Tunnelling generation for a triangular barrier
To calculate the tunnelling generation for the triangular barrier we follow a procedure described by Moll [26] . According to Moll's consideration, the incident electron flux per unit volume in a ring with perpendicular momentum k ⊥ to
where f (ε) is the Fermi function. The net tunnelling current density is equal to
where f (ε) and f ′ (ε) are the Fermi functions on both sides of tunnelling (on the side from and into which tunnelling occurs).
For the triangular barrier (see Fig. C1 ), the tunnelling probability is
Taking into account the boundary conditions:
E g 2 − qF x + E ⊥ for x = x 2 (C5) the tunnelling probablity is equal to 
The current density can be evaluated by a two-step integration. The first integration is carried out with respect to E ⊥ between the limits of 0 and E V − ε, since larger values of E ⊥ place the electron in a forbidden state. The second integration with respect to energy is over the range E V < ε < E C . As was made by Moll [26] , if the applied voltage is large compared to kT /q, the integration with respect to energy extends only from one Fermi level to the other in the classical turning points -x 1 and x 2 . This difference in Fermi energy is marked as ∆Φ. In this approximation the current density
The last term in Eq. (C8) arises from the finite limit that is placed on E ⊥ and in this case is negligible if E ⊥ ≪ ∆Φ. Finally, we have
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and using the STI procedure described by Adar [25] , the tunnelling generation for the triangular barrier is equal to 
